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$\{1\}=Z_{0}(G)\leq Z_{1}(G)\leq\cdots\leq Z_{\ell}(G)\leq\cdots\leq G$
$Z_{l}(G),$ $\ell\geq 1$ ,
$Z_{\ell}(G)/Z_{\ell-1}(G)=Z(G/Z_{\ell-1}(G))$
$G$ $r$ $Z_{r}(G)=G,$ $Z_{r-1}(G)\neq G$
$\mathcal{K}_{0}=\{1\},$ $\mathcal{K}_{1,\ldots\text{ }}\mathcal{K}_{d}$ $G$ $\Lambda=\{0,1, \ldots, d\}$
$i,$ $j$ . $v\in A$ $\approx\in \mathcal{K}_{t}$ $s_{i^{j_{t}}}$
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$i\in\Lambda$ $i’,\in\Lambda$ $\mathcal{K}_{i’}=\{x\in G|x^{-1}\in \mathcal{K}_{i}\}$ A
$\Lambda^{\text{ }}=\Lambda-\{0\}=\{1, \ldots.d\}$ $S$
$S=(s_{jj’i})_{(i,j)\in\Lambda^{o}x\Lambda^{C^{}}}$
1 $G=\langle ab|a^{3}=b^{2}=1, bab=a^{-1}\rangle$ $\mathcal{K}_{0}=\{1\},$ $\mathcal{K}_{1}=\{a, a^{2}\}$ . $\mathcal{K}_{2}=$
{ $b$ , ab, $a^{2}b$}
$C_{1}C_{1}=2C_{0}+C_{1}$ , $C_{2}C_{2}=3C_{0}+3C_{1}$
$S=(\begin{array}{l}3100\end{array})$
$\lambda_{S}^{0}=\{0\},$ $\lambda_{S}^{\ell}=\{j\in\Lambda|s_{jj’i}=0\forall i\in\Lambda-\lambda_{S}^{\ell-1}\}(P\geq 1)$
1.1 (1) $\{0\}=\lambda_{S}^{0}\subset\lambda_{S}^{1}\subset\cdots\subset\lambda_{S}^{\ell}\subset\cdots\subset\Lambda$
(2) $\lambda_{s}^{\ell}=\{J\in\Lambda|\mathcal{K}_{J}\subset Z_{\ell}(G)\}$ $(\ell\geq 0)$
(3) $s_{0}^{(\ell)}=0,$ $S^{l}=(s_{1}^{(\ell)}s_{2}^{(\ell)}$ ... $s_{d}^{(\ell)})$ $\Rightarrow$ $\lambda_{S}^{l}=\{j\in\Lambda|s_{j}^{(\ell)}=0\}$ $(\ell\geq 0)$
1.2
$Z_{\ell}(G)=G\Leftrightarrow\lambda_{S}^{\ell}=\Lambda\Leftrightarrow S^{\ell}=O$ $(\ell\geq 1)$
2 $G=\langle a, b|a^{8}=b^{2}=1, bab=a^{-1}\rangle$
$\mathcal{K}_{0}=\{1\},$ $\mathcal{K}_{1}=\{a^{4}\},$ $\mathcal{K}_{2}=\{a^{2_{\}}a^{6}\},$ $\mathcal{K}_{3}=\{a. a^{7}\}_{7}$ $\mathcal{K}_{4}=\{a^{3}, a^{5}\}$ ,
$\mathcal{K}_{5}=\{b, a^{2}b, a^{4}b_{\}a^{6}b\},$ $\mathcal{K}_{6}=\{ab. a^{3}b, a^{5}bia^{\overline{\prime}}b\}$
$C_{1}C_{1}=Co$ , $C_{2}C_{2}=2C_{0}+2C_{1}$ , $C_{3}C_{3}=C_{4}C_{4}=2C_{0}+C_{2}$ ,
$C_{5}C_{6}=C_{6}C_{6}=4C_{0}+4C_{1}+4C_{2}$
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$S=(\begin{array}{l}020044001144000000000000000000000000\end{array})$ $S^{2}=(\begin{array}{ll}200288 000000 00 0000000000 00 0000000000 \end{array})$ $S^{3}=O$
$Z_{0}(G)=\{1\},$ $Z_{1}(G)=\{1, a^{4}\},$ $Z_{2}(G)=\{1, a^{2}, a^{4}, a^{6}\}$ . $Z_{3}(G)=G$ ,
$\lambda_{S}^{0}=\{0\},$ $\lambda_{s}^{1}=\{0,1\},$ $\lambda_{S}^{2}=\{0,1,2\},$ $\lambda_{S}^{3}=\Lambda$
2
$G=G_{1}\geq G_{2}\geq\cdots\geq G_{\ell}’\geq\cdots\geq\{1\}$
$G_{\ell},$ $P\geq 2$ , $G_{\ell}=[G_{\ell-1}, G]$ $\chi_{0}=1_{G}$ . $\chi_{1},$ $\ldots,$ $\chi_{d}$




$i\cdot\in\Lambda$ $\wedge i\in A\text{ _{}\lambda_{i}^{\prime\wedge}}=\overline{\chi}_{i}$ A
ker $\chi_{j}\geq G_{\ell+1}\Leftrightarrow ker.\chi_{j}^{\wedge}\chi_{j}\geq G_{\ell}(j\in\Lambda. \ell\geq 1)$
$T$
$T=(t^{\wedge},ji)’$,
$\lambda_{T}^{0}=\{0\}_{\backslash }\lambda_{T}^{\ell}=\{j\in\Lambda|t_{jji}^{\wedge}=0\forall i\in\Lambda-\lambda_{T}^{\ell-1}\}(\ell\geq 1)$
2.1 (1) $\{0\}=\lambda_{T}^{0}\subset\lambda_{T}^{1}\subset\cdots\subset\lambda_{T}^{\ell}\subset\cdots\subset\Lambda$
(2) $\lambda_{T}^{l’}=$ {$j\in$ A $|$ ker $\chi_{j}\geq G_{\ell+1}$ } $(\ell\geq 0)$
(3) $t_{0}^{(\ell)}=0,$ $T^{\ell}=(t_{1}^{(\ell)}t_{2}^{(l)}\cdots t_{d}^{(l)})$ $\Rightarrow$ $\lambda_{T}^{\ell}=$ {$f\in$ A $|t_{j}^{(l)}=0$ } $(\ell\geq 0)$
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2.2
$G_{\ell+1}=\{1\}\Leftrightarrow\lambda_{T}^{\ell}=\Lambda\Leftrightarrow T^{\ell}=O$ $(\ell\geq 1)$
3
$k_{i}^{\wedge}=\#\mathcal{K}_{i},$ $\approx i=x:(1)(i\in\Lambda)$ $A,$ $B$
$A=(s_{jj’\dot{j}}/k_{j}^{\wedge})_{(i,j)\in\Lambda x\Lambda}$ , $B=(t_{jji}^{\wedge}/\sim i)_{(i,j)\in\Lambda\cross\Lambda}$
$a_{ij}^{(\infty)}=\{$ $0k_{j}$ $(i=0)(i,\in\Lambda^{o})$ $b_{ij}^{(\infty)}=\{\begin{array}{ll}A\sim_{j^{2}} (i=0)0 (i\in\Lambda^{o})\end{array}$
$A^{\infty},$ $B^{\infty}$
$A^{\infty}=(a_{i^{j}}^{(\infty)})_{(i,j)\in\Lambda x\Lambda}$ , $B^{\infty}=(b_{i^{j}}^{(\infty)})_{(\dot{t},j)\in\Lambda x\Lambda}$
$g_{i}\in \mathcal{K}_{i}(i\in\Lambda)$ $Y$
$Y=(\chi_{i}(q_{j})/\approx i)_{(i,j)\in\Lambda\cross\Lambda}$
3.1 ${}^{t}(A^{\ell})=Y^{-1}B^{\ell}Y$ $(P\geq 0)$
$3\cdot 2$ ${}^{t}(A^{\infty})=Y^{-1}B^{\infty}1’$
3.3 $\lim_{\ell}A^{l}=A^{\infty}-\cdot\lim_{l}B^{\ell}=B^{\infty}$






3 $G=\langle a, b|0^{3}=b^{2}=1, bab=a^{-1}\rangle$ 1
$A=(\begin{array}{l}11l0\frac{l}{2}1000\end{array})$ $A^{3}=(\begin{array}{l}1\frac{7}{4}\frac{5}{2}0\frac{l}{8}\frac{l}{4}000\end{array})$ $A^{\infty}=(\begin{array}{l}l23000000\end{array})$
$B=(\begin{array}{l}11100100\frac{1}{2}\end{array})$ $B^{3}=(\begin{array}{l}11\frac{l3}{4}00\frac{l}{4}00\frac{l}{8}\end{array})$ $B^{\infty}=(\begin{array}{l}l4l000000\end{array})$
4 $G=\langle a, b|a^{8}=b^{2}=1, bab=a^{-1}\rangle$ 2
$A=(00000000000000100011100 \frac{1}{02}0010000\frac{1}{02}100000000111111]$ $A^{2}=(00000010000000 \frac{}{02}00000000012\frac{3}{2,1}000\frac{}{02}\frac{3}{2,1}001000030013000]$ $A^{3}=\{\begin{array}{lll}l122 2440000 0000000000 0000000 0000 0 00000000 0 00000 00 \end{array}\}$
$B=\{\begin{array}{l}111lll10000lll00001000000l0000000\frac{l}{2}\frac{l}{2}00000000000000\end{array}\}$ $A^{2}=\{\begin{array}{l}l1114\frac{5}{2}\frac{5}{2}00000\frac{l}{2}\frac{l}{2}00000\frac{l}{2}\frac{l}{2}00000\frac{1}{2}\frac{l}{2}000000000000000000000\end{array}\}$ $A^{3}=\{\begin{array}{llll}l114144 000000 00000000 0000000 0000000 00 0 0000 0000000 \end{array}\}$
4
$x_{1}$ . $x_{2}\ldots.,$ $x_{\ell}\in G$
$[x_{1}, x_{2}, \ldots, x_{\ell}]=\{\begin{array}{ll}x_{1} (P=1)x_{1}^{-1}x_{2}^{-1}x_{1}x_{2} (\ell=2)[[x_{1}, \ldots, x_{\ell-1}]_{\}x_{\ell}] (\ell\geq 3)\end{array}$
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$P\geq 1,$ $q\in G$
$F_{G}^{\ell}(q)=\#\{(x_{1}, \ldots, x_{\ell})\in G^{(\ell)}|q=[x_{1}, \ldots, x_{\ell}]\}$
$\ell\geq 1$
$A^{\ell}=(a_{ij}^{(\ell)})_{(i,j)\in\Lambda\cross\Lambda}$ , $B^{\ell}=(b_{ij}^{(\ell)})_{(i,j)\in\Lambda x\Lambda}$
4.1 $P\geq 1,$ $i\in\Lambda,$ $g_{i}\in \mathcal{K}_{i}$ $\ovalbox{\tt\small REJECT}\backslash$
$F_{G}^{\ell}(q_{i})=|G|^{\ell-1} \sum_{j=0}^{d}a_{ij}^{(\ell-1)}=|G|^{\ell-1}\sum_{\sim j ,j=0}^{d}\sim\chi_{j}’(q_{i})\underline{b_{0j}^{(\ell.-1)}}.$.
$\ell=2$ Frobenius [1]




$B^{l}=B^{\infty}$ $\Leftrightarrow$ $F_{G^{\prime+1}}’=|G|^{l}\rho_{G}$ $(\ell\geq 0)$
, ,
.
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